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Fractional Chern insulators are novel realizations of Fractional Quantum Hall states in lattice
systems without orbital magnetic field. These states can be mapped onto conventional fractional
quantum Hall states through the Wannier state representation (Phys. Rev. Lett. 107, 126803
(2011)). In this paper, we use the Wannier state representation to construct the pseudopotential
Hamiltonians for fractional Chern insulators, which are interaction Hamiltonians with certain ideal
model wavefunctions as exact ground states. We show that these pseudopotential Hamiltonians can
be approximated by short-ranged interactions in fractional Chern insulators, and that their range
will be minimized by an optimal gauge choice for the Wannier states. As illustrative examples, we
explicitly write down the form of the lowest pseudopotential for several fractional Chern insulator
models like the lattice Dirac model and the checkerboard model with Chern number 1, and the d-
wave model and the triangular lattice model with Chern number 2. The proposed pseudopotential
Hamiltonians have the 1/3 Laughlin state as their groundstate when the Chern number C1 = 1, and
a topological nematic (330) state as their groundstate when C1 = 2. Also included are the results
of an interpolation between the d-wave model and two decoupled layers of lattice Dirac models,
which explicitly demonstrate the relation between C1 = 2 fractional Chern insulators and bilayer
fractional quantum Hall states. The proposed states can be verified by future numerical works, and
in particular provide a model Hamiltonian for the topological nematic states that have not been
realized numerically.
I. INTRODUCTION
Chern Insulators (CI) are two-dimensional electron
systems which generalize Integer Quantum Hall (IQH)1
states to band insulators. In CIs, a geometric gauge field
is defined in momentum space by the adiabatic trans-
port of Bloch states. The net flux of the gauge field
in the Brillouin zone is always quantized in units of 2pi
times an integer C1 which is known as the first Chern
number2,3. The latter determines the quantized Hall con-
ductance via σH =
e2
h C1. Soon after the discovery of IQH
states, fractional quantum Hall (FQH) states with frac-
tionally quantized Hall conductances were also realized
experimentally, with Landau levels partially filled by in-
teracting electrons. Recently, FQH states have also been
generalized to lattice systems without orbital magnetic
field, which are therefore known as fractional Chern in-
sulators (FCI)4–7. Fractional Chern insulators are puta-
tively realized in partially filled energy bands with narrow
band width (almost flat bands) and commensurate filling,
and evidence in support of them have been found in lat-
tice analogs of various FQH states such as Laughlin 1/m
states, hierarchy states and non-Abelian states4,6,8–24.
The situation has been more murky for Chern bands with
C1 > 1, where there is no obvious correspondence be-
tween the Chern band and a Landau level whose Chern
number is always one25–31. However, the one-dimensional
Wannier state representation (WSR) allows one to sys-
tematically understand FCI states based on existing un-
derstanding of conventional FQH states by means of an
exact mapping between them32. The WSR has been fur-
ther developed and applied to different FCI states33–38,
and the ansatz wavefunctions defined by the WSR have
been shown to have a high overlap with the exact ground
states obtained by exact diagonalization34.
Besides providing ansatz wavefunctions, the WSR can
also be used to construct ideal Hamiltonians for the FCI
states. Pseudopotential Hamiltonians39–41 (PPs) have
been defined for a large class of FQH states. These
are parent hamiltonians which admit the FQH states as
unique ground states. Through the WSR, the PP hamil-
tonians can be mapped onto FCI systems as ideal model
Hamiltonians32,35,36. These resulting FCI PP Hamiltoni-
ans are quasi-local in the sense that the matrix elements
decay exponentially in the distance between the sites in-
volved. In our previous work Ref. 36, we studied the
overlap between the PP Hamiltonian and local density-
density interactions in some FCI models, hence obtaining
some guidance about the forms of interaction Hamilto-
nians that may lead to FCI phases. We also generalized
the PP Hamiltonian approach from the two-body case
to the many-body case. While the study of overlaps can
tell us how promising the interactions are in stabilizing
topologically nontrivial groundstates, it does not tell us
how to do better - what will be the optimal kind of in-
teraction for the realization of a given state? That will
be the goal of this paper.
In this paper, we construct the ideal Hamiltonians
for FCI’s by reverse-engineering the lattice Hamiltonians
from the PP Hamiltonians. This approach has the ad-
vantage of producing ”ideal” interaction operators that
by construction are guaranteed to possess certain groun-
states. By starting directly from these operators, we will
not be plagued by situations where a significant part of
a given interaction cannot be expanded in terms of the
PPs, a consequence of the incompleteness of the space
of PPs36. We first write the PP Hamiltonians for FQH
states in the Landau gauge, and then map the Landau
gauge wavefunctions to the Wannier states of the lattice
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2system using the WSR. This procedure defines the lat-
tice PP Hamiltonian, which is a quartic term in the bo-
son or fermion creation operators when the original FQH
pseudopotential involves two bodies. A Chern band with
Chern number C1 is mapped to C1 “layers” of Landau
levels, and the corresponding PP Hamiltonian is obtained
from that of a C1 layer FQH system.The PP Hamiltonian
obtained in this way is not completely local, although all
long range terms have exponentially small weights. In the
final step of this procedure, we truncate the lattice Hamil-
tonian by neglecting all terms beyond a certain range,
and obtain an interaction Hamiltonian that is the best
approximation of the the corresponding PP Hamiltonian
among other interaction terms with a similar range.
Model interaction operators obtained from the above
procedure generically suffer from a proliferation of
density-density and hopping terms. Hence, a principal
aim of this paper is to investigate how the various de-
grees of freedom in the ambiguities of specifying the PPs
- to be discussed later - can be exploited to produce PPs
dominated by the least number of terms. One ambi-
guity is inherent in the WSR, where the Landau gauge
wavefunctions of the lowest Landau level (LLL) in the
QH system is mapped to the 1D Wannier states of the
FCI system. Since the 1D Wannier states are defined
by a fourier transformation of the Bloch states, there is
a gauge ambiguity in the definition of the Bloch states.
In Ref. 32, the gauge fixing was done by making the
Wannier states maximally localized. Since then, different
gauge choices have been studied to optimize the ansatz
wavefunction34,35. The point group symmetries of the
lattice Hamiltonian can also impose constraints to the
gauge choices37. We hence develop a new gauge fixing
scheme that produces PPs with maximal locality. The
range of PP Hamiltonians can be determined from that
of a lattice coherent state obtained from mapping the
Landau level coherent states (Gaussian wavepackets) to
the FCI system. Different gauge choices lead to coher-
ent states of different shapes. By requiring the coher-
ent state to be maximally localized, we determine the
optimal gauge choice which coincides with the Coulomb
gauge proposed in Ref. 35. This gauge choice is different
from the gauge that maximally localizes the WFs which
was used in our previous work36, although the difference
is usually small and vanishes entirely in the limit of uni-
form Berry curvature. Interestingly, certain bounds on
the locality are uniquely determined by the geometric
properties of Bloch wavefunctions, i.e. the Berry’s cur-
vature and the Fubini-Study metric.
As illustrative examples, we provide numerical results
on the form of the lowest PPs in various FCI systems
studied in literature. For C1 = 1, we study the com-
monly used Checkerboard (CB) flatband model6 and the
lattice Dirac model. In particular, we found that the first
PP of the latter is dominated by a single nearest-neighbor
interaction term. For C1 = 2 we studied the triangular
lattice model used in Ref. 11 and a square lattice model
with hopping terms of d-wave symmetry. To illustrate
the stability of the leading contributions in the PP oper-
ator, we also present an interpolation between the d-wave
model and two decoupled layers of lattice Dirac model.
The interpolation also explicitly illustrate the relation
between C1 = 2 FCI and bilayer FQH states proposed
in Ref. 33, and provide the first model Hamiltonian for
the (mm0) topological nematic state with non-Abelian
lattice dislocations.
The rest of the paper is organized as follows. In Sec.
II we review the framework of WSR and the construction
of the PPs using a coherent state basis. In Sec. III we
find the maximally localized coherent states by optimiz-
ing the gauge choice of the Bloch states, which are then
used to construct PPs with shortest range. In Sec. IV
we present the numerical results of truncated pseudopo-
tential Hamiltonians in several FCI models. Finally, Sec.
V is dedicated to the conclusion and discussion of future
works.
II. PRELIMINARIES
In this section, we shall review the pseudopotential
Hamiltonian construction in the Landau level problem
and its FCI generalization. Within a Landau level of
the QH system, the kinetic energy is frozen out and the
Hamiltonian only contains an interaction term
H =
∑
i<j
V (ri − rj), (1)
where the sum extends over all pairs of particles. Here
and below, it should be remembered that the Hamilto-
nian is projected to states in a Landau level, although
for simplicity we will not write the projection explic-
itly. Translation symmetry is assumed, so that inter-
action only depends on the relative position ri− rj . The
two-body interaction Hamiltonian H can be decomposed
into relative angular momentum of the two particles:
H =
∑
i<j
∞∑
m=0
V mPmij , (2)
Pmij = Lm(−l2B∇2)δ2(ri − rj)
where Lm are the Laguerre polynomials
42. Pmij projects
onto a state where particles i and j have relative angular
momentum m and V m is the energy penalty for having
two particles in such a state. When the particles are
bosons(fermions), only terms with even(odd) m need to
be considered. As a component with fixed relative an-
gular mometnum,the two-body interaction potential Pmij
is known as a pseudopotential (PP)39,43. We denote the
prototypical PPs representing interactions with only one
nonzero V m by Um:
Um =
∑
i<j
Pmij (3)
3The Laughlin 1/m state lies in the nullspace of Un for all
n < m. Hence it will be unique groudstate for hamilto-
nians with positive nth PP coefficients for all n < m, i.e.
the Laughlin state at 1/5 filling is the unique grounstate
of U1 + U3.
This paper will be primarily about the mapping of the
PP interactions Um to generic FCI systems. As explained
in the introduction, relative angular momentum is ill-
defined on the lattice. However, the PP’s Um are still
well-defined via a correspondence between the basis of
the FCI and QH systems. Specifically, we introduce an
unitary mapping between the Hilbert spaces of the QH
and the FCI systems32,36:
f : HFCI −→ HQH,
f (|WK〉) = |ψK〉 , (4)
with HFCI and HQH denoting the Hilbert spaces of
the FCI and QH systems respectively. At the opera-
tor level, we have f
(
b†K
)
= a†K where a
†
K |0〉 = |ψK〉 and
b†K |0〉 = |WK〉. Here {|ψK〉} are the Laudau gauge wave-
functions which span the Hilbert space of the LLL in the
QH system, while {|WK〉} spans the occupied states of
the FCI system.
Expressed in real-space, the Landau gauge wavefunc-
tions of the QH system takes the form
ψK= 2pinL (x, y) =
∑
K′∈Z
1√√
piLlB
ei(K+K
′)ye
−A( xlB −lB(K+K
′))2
(5)
The sum in the RHS enforces the toroidal boundary
conditions of the system. Here A is an aspect ratio pa-
rameter that can be tuned through rescalings of the co-
ordinates. When the rescaling is regarded as an active
transformation, it can formally be represented by a re-
definition of the intrinsic QH metric44–4647. When re-
garded as a passive transformation, it can be interpreted
as a LL basis redefinition which elegantly corresponds to
Bogoliubov transformations of the QH second-quantized
operators in the symmetric gauge48.
In the FCI system, the Wannier function WK is given
by a linear superpositions of the periodic part of the
Bloch states φ(kx, ky):
WK=ky+2pix(x, y) =
∫
dkxe
i(kxx+kyy)eiθ(kx,ky)φ(kx, ky)
(6)
with the gauge phase eiθ arising from the intrinsic arbi-
trariness of the phase of the Bloch states. |WK〉 is taken
to be the analog of the LLL Landau gauge wavefunction
|ψK〉 of the QH system because such a mapping preserves
the continuity in K and also the topological properties
of |WK〉 and |ψK〉, i.e., the centers-of-mass of both shift
by one site as K (or ky) is translated by 2pi.
32,36,49 This
is analogous to the behavior of the ψK , as can be seen
from its gaussian factor e
− A
2l2
B
(x−l2BK)2
. Hence the anal-
ogy between these two bases is completed by setting the
effective magnetic length to be lB =
√
1
2pi in units of the
FCI lattice spacing.
Since we want to maximize the locality of the Um op-
erators in the FCI system, we shall first express them
in a form where their real-space locality can be directly
studied. This can be explicitly done in the QH case, after
which the FCI case follows by simply replacing a†K with
the WF creation operator b†K , as mentioned below Eq.
4. As shown in Appendix A, one can use Eqs. 3 and
5 to bring QH pseudopotential Um to the useful form
involving coherent states:32,36
Um ∝
∫
dz1dz2
∑
r
vmr ∇mz (c†zcz)∇mz (c†zcz) (7)
where vmr are the coefficients of the Laguerre polynomials
Lm(x) =
∑m
r=0 v
m
r x
r, z = z1 + iz2, and ∇z is to be taken
as a grad operator so that ∇3zf = ∇z(∇z · ∇zf), etc.
The coherent state creation and annihilation operators
are defined by32:
c†z =
∑
K
e−iz2Ke−piA(z1−K/(2pi))
2
a†K (8)
As will be made evident in the next section, this way
of expressing Um makes its locality explicit because the
coherent state created by c†z has a local wavefunction in
real space (in the sense of exponential decay which we
will demonstrate shortly after). Hence our attempt to
maximally localize the PPs is reduced to a search for a
basis with the smallest coherent state spread.
For simplicity, we shall first consider the case with
Chern number C1 = 1 in the lattice system, which is
a direct analog of a QH system with one LL. The co-
herent state |Ψz〉 = c†z |0〉 of the lattice system can be
written, via the replacement a†K → b†K , in the following
convenient form
Ψz(x, y)
=
∑
K
e−ikyz2e−piA(z1−K/2pi)
2
WK(x, y)
=
∑
m
∫
d2ke−ikyz2ei~k·~re−piA
(
z1−( ky2pi+m)
)2
eiθφ(kx, ky)
(9)
with ~r = (x, y), ~k = (kx, ky) here and below. That
Ψz(x, y) is asymptotically exponentially decaying in x, y
follows from the fact that φ(kx, ky) in the integrand has
a complex singularity at a finite distance from the real
kx or ky axis
50.
For lattice systems with general C1, there will be C1
coherent states ”colors” in a multiplet33,35. This is be-
cause each WK will now shift by C1 sites as K (or ky)
is translated by 2pi, leading to C1 inequivalent ”layers”.
4Indeed, we now have a map from a Chern number C1 lat-
tice system to a multilayer QH system, with each layer
having Chern number one and lB =
√
C1
2pi .
For each layer (color), the expression for the coherent
state is generalized to
Ψz(x, y)
=
∑
m
∫
d2ke−ikyz2ei~k·~re−piA
(
z1
C1
−( ky2pi+m)
)2
eiθφ(kx, ky)
(10)
which is manifestly expressed in terms of three tunable
inputs: The aspect ratio A, the gauge phase θ and the
Bloch states φ. To minimize the proliferation of terms
in the resultant PP Um, we will need to maximize the
locality of the coherent states, as evident from the rela-
tion Eq. 7. The optimal A and θ will be derived in great
detail in the next section.
Note that Eq. 10 reduces to a 2-dimensional fourier
transform of the Bloch wavefunction in the absence of
the two terms containing z. When C1 6= 0, such a fourier
transform cannot result in a localized state due to topo-
logical obstruction49. As such, the Gaussian term con-
taining z2 can also be regarded as a regularizing factor.
From Eq. 10, it is evident that we can, by redefining
the unit cell, change the bloch states and hence signif-
icantly change the form of the coherent states Ψz(x, y)
and the locality of the PPs. Let the original position co-
ordinates and crystal momentum be labeled as r = (x, y)
and k = (kx, ky). Under a redefinition of unit cell by a
2-by-2 matrix M ,
r → r′ = Mr (11)
k → k′ = M−1k (12)
with the scalar product k · r staying invariant. Un-
der general transformations M , Ψz(x, y) given by Eq. 10
will change unless k′y = ky and the Bloch states φ(k) re-
main invariant under M . Manifest here is the asymmetry
between the roles played by kx and ky, an unavoidable
feature of the nature of the Landau gauge wavefunctions
and their analogs.
There is a special class of transformations M where all
the terms in the definition of Ψz Eq. 10 remain invari-
ant, except for the Bloch state φ(k) → φ(k′). In other
words, the PPs will be exactly that obtained for the same
Hamiltonian with k → k′, up to the rescaling of coordi-
nates r = (x, y). These transformations are given by
x′ = αx
y′ = y − βx (13)
k′x =
kx + βky
α
k′y = ky (14)
We will revisit transformations of this type in Sec. IV,
where we compare the PPs of the same Dirac model after
some coordinate redefinitions.
Before further investigations on the pseudopotential in
Eq. 7, we will like to discuss its symmetry properties.
Although the Chern band is topologically equivalent to
a Landau level system, the latter possess a higher sym-
metry which includes all symmetries of the Chern band.
More specifically, the pseudopotentials Um in FQH sys-
tems preserve the magnetic translation symmetry which
which is a higher symmetry than the lattice translation
symmetry of the lattice. In a FQH system spanned by the
Landau gauge basis |ψK〉, the magnetic translation sym-
metry implies the translation symmetry of K to K + 2piL .
However, a generic Chern band does not have this sym-
metry due to its non-uniform Berry’s curvature. This
non-uniformity is clearly manifested in the nonlinearity
of the center-of-mass of the Wannier basis, as detailed
in Ref. 32. Therefore the psedopotentials Um that we
defined in FCIs have a higher symmetry than a generic
interaction term preserving the lattice symmetries. This
is not a concern for our current work since our purpose
is to explicitly write down pseudopotential interactions
which can then be used in numerical studies for realizing
certain topological states as ground states.
An alternative explicit expression for Um have also
been derived in Ref. 36, where they take an elegant form
in a one-dimensional basis proposed in Ref. 51. While
that form allows for easy comparisons between different
interactions at the operator level, the forms derived above
(i.e. Eqs 7,10) are more suitable for locality optimization,
being explicitly defined in position space.
III. MAXIMALLY LOCALIZED COHERENT
STATES
A. The optimal gauge phase
In this section, we show how to minimize the spread
of the coherent states Ψz so that the PPs will be most
localized and be best approximated by a short-ranged in-
teraction. For this purpose, we define the mean-squared
range of the coherent state wavefunction Ψz(x, y) by
I[θ] =
∫ 1
2
− 12
∫ 1
2
− 12
d2z〈r2〉Ψz
=
∫ 1
2
− 12
∫ 1
2
− 12
d2z
∫
dxdy(x2 + y2)|Ψz(x, y)|2
=
∫ 1
2
− 12
∫ 1
2
− 12
d2z
∑
m
∫
d2k
∣∣∇k (e−Em−ikyz2eiθφ(kx, ky))∣∣2
(15)
which is regarded as a functional over the U(1)
gauge phase θ(kx, ky). Here Em(kx, ky) =
−piA
(
ky
2pi − z1C1 +m
)2
. For simplicity, we will only
5consider the case with one occupied band. Since we
fourier transformed over the concatenated momentum
K = ky + 2pim from the penultimate to the last line, the
m sum must be included. A represents the QH aspect
ratio that is yet to be optimized.
We had sought to minimize the spread 〈r2〉 of Ψz av-
eraged for different z. This averaging is motivated by
various reasons. Firstly, the optimal localization con-
dition for each Ψz will lead to a different condition on
gauge choice θ, and we desire for an unique optimal gauge
choice. Secondly, it makes physical sense to optimize the
average spread since we will require the locality of the
coherent states over all z when calculating the PP. Fur-
thermore, performing the average over z will greatly sim-
plify the minimization problem, as we will soon see. As
distinguished from the FQH case, in FCI the coherent
states with different center-of-mass position z generically
have different shapes, since the translation symmetry is
broken to discrete lattice translation. Since lattice trans-
lation symmetry guarantees that Ψz has the same spread
as Ψz+1 and Ψz+i, we will only need to average across
the unit cell (z1, z2) ∈
[− 12 , 12]× [− 12 , 12].
Given a Bloch wavefunction φ with Berry connection
~a = −iφ†∇kφ, a gauge rotation φ → eiθφ will produce
a new connection ~a → ~anew = ~a +∇kθ. Performing the
Euler-Lagrange minimization
δI
δθ
= 0,
whose detailed steps are shown in Appendix B, we arrive
at the Coulomb gauge condition
∇k · ~anew = 0 (16)
We note that Eq. 16 coincide with the gauge choice made
in Ref. 35, although it was not obtained by maximal
localization condition over there.
In this gauge choice, there exists a simple way to ex-
press ~anew in terms of the Berry curvature f . This
gauge is also consistent with the conditions for a C4
symmetric basis in the case of C4 symmetric systems,
as shown in Ref. 37. Since ∇k · ~anew = 0, we can write
~anew = (−∂yϕ, ∂xϕ)T , where
∇2kϕ(kx, ky) = f(kx, ky) = ∂xay − ∂yax (17)
This is the Poisson’s equation on a finite torus whose
explicit solution is given by Eq. 9 of Ref. 35. When
the dimensions of the torus Lx, Ly > 10, as is the case
for the calculations in this work, the above solution will
be almost identical to that given by the electrostatics
Green’s function integral
ϕ(kx, ky) =
∫
periodic
f(~p) log |~p− ~k|d2p (18)
where the contributions from the periodic images of f are
summed over. Here ϕ and f take the role of the electrical
potential and the periodic electric charge distribution.
To calculate the PPs, however, we need to find the
gauge phase θ and not just ~anew = (−∂yϕ, ∂xϕ)T . The
optimal gauge phase θ = θC can be found from the con-
dition Eq. 16, which upon subtituting ~anew = ~a + θC
gives another Poisson’s equation
∇2kθC = −∇k · ~a (19)
The solution to this equation is already given by Eq. 18
with ϕ and f replaced by θC and ∇k · ~a. Note that the
solution θ obtained is unique, because the difference of
two different solutions will satisfy the Laplace equation,
and that must be identically zero due to toroidal BCs.
There is a nice relation between Coulomb gauge θC
(obtained by solving Eq. 16) which maximally localizes
the coherent states and θW , the gauge that maximally
localizes WFs. The latter, which was used in our previous
work Ref. 32, is given by
θW (kx, ky) = −
∫ kx
0
ax(px, ky)dpx+
kx
2pi
∫ 2pi
0
ax(px, ky)dpx
(20)
We shall show that these two gauge phases differ only
by a relatively small correction, at least for most suffi-
ciently smooth Berry curvatures. Write
θC = θW + θ0
where θC is the Coulomb gauge phase and θ0 is a rel-
atively small correction. We have
∇2kθ0(kx, ky)
= −∂xax −
(
−∂xax −
∫ kx
0
∂2yaxdpx +
kx
2pi
∫ 2pi
0
∂2yaxdpx
)
= ∂y
(∫ kx
0
f(px, ky)dpx − kx
2pi
∫ 2pi
0
f(px, ky)dpx
)
, (21)
so that
∇2k(∂xθ0(kx, ky)) = ∂y(f(kx, ky)− f¯(ky)) (22)
where the Berry curvature f = ∂yax and f¯(ky) =
1
2pi
∫
dkxf(kx, ky) is f averaged over kx. Hence the cor-
rection θ0 is directly related to the nonuniformity of the
Berry curvature, and disappears when the latter is con-
stant w.r.t. to kx or ky (or both). We should thus expect
it to be relatively small in magnitude. The comparison
between the two gauge choices is shown in Fig. 1.
6FIG. 1. (Color Online) A typical coherent state |Ψz|2 of
the C1 = 2 d-wave model (see Eq. 39) computed with the
gauge phase that maximizes the localization of (a) the Wan-
nier states and (b) the coherent states. We see that there
is very little difference in their spread, as expected from the
relatively flat gauge curvature.
B. Properties of the average coherent state spread
Interestingly, the average spread of the coherent state∫
[−1/2,1/2]2 d
2z〈r2〉Ψz can be expressed in terms of the
geometric quantity Ω1, to be defined shortly, and the
Berry curvature f . As shown in Appendix C, the average
spread of the coherent state can be rewritten as
I[A] =
∫
[−1/2,1/2]2
d2z〈r2〉Ψz
=
1√
2A
∫
d2k
([|∇kφ|2 − |~a|2]+ |~anew|2 + 1
12
+
A
4pi
)
(23)
where ~anew = ~a+∇kθC is the Coulomb gauge connection
that will minimize the spread. Note that I[A] depends
on A, the FQH aspect ratio that has yet to be chosen. Its
optimal value will be the subject of the next subsection;
here we will explore its A-independent properties.
Of central interest is the quantity J given by
J =
∫
d2k
(|∇kφ|2 − |~a|2)+ |~anew|2 (24)
This quantity can be expressed in terms of the geo-
metrical properties of the system. First, consider the
bracketed terms
Ω1 =
∫
d2k
(|∇kφ|2 − |~a|2) (25)
Ω1 is actually a gauge invariant. This can be seen
directly by replacing φ by eiθφ, or by rewriting Ω1 as a
trace over certain position operators projected onto the
occupied states. This will be shown in much more detail
in Appendix D, where its connection with the Wannier
operator will also be made more explicit.
Ω1 can also be expressed in terms of the Fubini-Study
metric g associated with the quantum distance between
two points on the BZ, i.e. ds212 = 1 − |〈φ1|φ2〉|2. Here
gab(k) = Re〈∂aφ|∂bφ〉 − 〈∂aφ|φ〉〈φ|∂bφ〉 (See Ref. 52 for
a multiband expression). Referring back to Eq. 25, we
see that
Ω1 =
1
4pi2
∫
d2kTrg (26)
i.e. Ω1 is a trace over the metric integrated over
the BZ. This is a geometrical quantity, and is obviously
gauge-invariant. Physically, it is a measure of how or-
thogonal the Bloch states on neighboring points the BZ
are: a large contribution to the integral arises at regions
of the BZ where even nearby states quickly become or-
thogonal, i.e. ds2 → 1.
The last term of J as shown in Eq. 24 is geometri-
cal too, albeit not gauge-invariant. It can be expressed
in terms of the Berry curvature of the system as we
shall see below. In the optimal Coulomb gauge derived
previously, ∇k · ~anew = 0. This permits us to write
~anew = (−∂yϕ, ∂xϕ)T , where
∇2kϕ(kx, ky) = f(kx, ky),
Hence J can be written in terms of manifestly geomet-
ric quantities as follows:
J =
∫
d2k
(
[|∇kφ|2 − |~a|2] + |~anew|2
)
= Ω1 +
∫
d2k
(|∂xϕ|2 + |∂yϕ|2)
= Ω1 −
∫
d2kϕ∇2kϕ = Ω1 −
∫
d2kϕf
=
∫
d2k
[
1
4pi2
Trg − ϕf
]
(27)
On the last line, ϕ is derived from the geometric Berry
curvature f via ∇2kϕ = f . Hence the optimal average
spread in Eq. 23 can be computed wholly from the
Fubini-Study metric and the Berry Curvature of the sys-
tem without first computing the Coulomb gauge connec-
tion.
Since we have specialized to the Coulomb gauge, J can
also be simplified via
J =
∫
d2k
(|∇kφnew|2 − |~anew|2)+ |~anew|2
=
∫
d2k|∇kφnew|2 (28)
where φnew is the Bloch wavefunction in the Coulomb
gauge. J superficially looks like a real-space spread 〈r2〉
of φnew. However, this cannot be strictly true, since for
our regime of interest C1 6= 0, φnew is not periodic in
the BZ and ∇2k cannot be fourier transformed into r2.
7In fact, our coherent Wannier state construction circum-
vents this difficulty by involving Gaussian-weighted con-
catenated Wannier states that are periodic53. Note that
J is fundamentally different from I[A], because the lat-
ter involves an averaging of coherent states over different
centers-of-mass while the former involves only the Bloch
states.
C. The optimal aspect ratio A
Setting dIdA = 0 in Eq. 23, we obtain the optimal value
of the aspect ratio A as
Aopt =
1
pi
∫
d2k
([|∇kφ|2 − |~a|2]+ |~anew|2 + 1
12
)
=
J
pi
+
pi
3
(29)
where J = Ω1 −
∫
d2kϕf =
∫
d2k|∇kφnew|2.
For this optimal aspect ratio, the gaussian factor in
the coherent state wavefunction (9) reads
−piA
(
z1
C1
− 2pim+ ky
2pi
)2
= − 1
C21
(
J +
pi2
3
)(
z1 − C1 2pim+ ky
2pi
)2
(30)
Note that the pi
2
3 term comes from the dz2 integration,
and can roughly speaking be regarded as a feature of the
two-dimensionality of the coherent states. The above re-
sult agrees with the numerically obtained typical optimal
As of ≈ 2 when C = 2 and ≈ 1.4 when C = 1.
Substituting this optimal value of A into the spread
function I, we finally arrive at
Iopt =
∫
[−1/2,1/2]2
d2z〈r2〉Ψz =
√
2pi
(
J +
pi2
3
)
(31)
As mentioned in the previous section, we can also op-
timize the locality of the PPs changing the Bloch basis
themselves through coordinate redefinitions. Now, we ex-
plicitly see how the locality depends on the smoothness
of the Bloch states through
J =
∫
d2k|∇kφnew|2. (32)
.
In the numerical results that follow, we see that sys-
tems with more bands generically have more complicated
φnew and hence poor locality of the PPs. This seems to
be true for band insulators, although not for the QH LLs
which always takes a similar functional form.
IV. TRUNCATED PSEUDOPOTENTIAL
HAMILTONIANS: NUMERICAL RESULTS
Even after the abovementioned optimization proce-
dure, the wavefunction of a coherent state still has an
gaussian decaying tail, which means the PP Hamiltonian
(7) still contains infinite number of terms when we ex-
pand it in the real space basis. To obtain a physical
lattice Hamiltonian with finite interaction range, we can
take a truncation and keep only a small number of domi-
nant short-range terms. We have numerically studied the
first PP Hamiltonian U1 for four different models with
Chern bands. The truncated PP Hamiltonians are sum-
marized in Table I, and the definition and more details of
these four models are presented in the rest of this section.
8Model C1 The truncated first PP hamiltonian U
1
Checkerboard 1
∑
<ij>
ρiρj + 0.93
∑
<<ij>>
ρiρj + 0.93
∑
ijkl∈
c†i c
†
kcjcl + 0.65
∑
ijk∈∆
ρic
†
jck
Dirac 1
∑
<ij>
ρi2ρj2 + 0.4
∑
<<ij>>
ρi2ρj2 + 0.32
∑
i
ρi1ρi2 − 0.27
∑
<<<<ij>>>>
ρi2ρj2
D-wave 2
∑
<<ij>>
ρi1ρj2 + 0.76
∑
<ij>
ρi1ρj2 + [0.57e
2.5i
∑
ijk∈∆
ρi2c
†
j1ck2 + h.c.] + 0.44
∑
<<<ij>>>
ρi2ρj2 − 0.26
∑
[ij]
ρi2ρj2
Triangular 2
∑
<<AB>>
ρAρB + 0.8
∑
ABC∈Γ
ρCc
†
AcB
TABLE I. The largest contributions to the first pseudopo-
tential U1 for various models in the lattice basis. Here
ρiσ = c
†
iσciσ where the i is the position index and σ = 1, 2 is
the spin index, if any. The brackets < ij > refers to nearest-
neighbor (NN) sites, << ij >> to next-nearest-neighbor
(NNN) sites, etc. while [ij] is the shorthand for eighth neigh-
bor (NNNNNNNN) sites (see Fig. 9). The symbols ,∆ and
Γ refers to special configurational patterns described in the
main text. Note that A,B,C are inequivalent sites in the
triangular lattice model.
A. Checkerboard model
The checkerboard (CB) model is a C1 = 1 flat-band
lattice model proposed in Ref. 6. As shown in Fig. 2, it
consists of two square lattices interlocked in a checker-
board fashion. The NN interactions are parametrized by
t and exists between sites belonging to different sublat-
tices. They carry the phase φ 6= pi that produces the
time-reversal symmetry breaking necessary for a nonzero
Chern number. The NNN hoppings take values of t′ or
−t′ depending on whether they are connected by a solid
or dashed line as shown in Fig. 2. All in all, the hamil-
tonian is given by36
HCB(k) = d0I +
∑
i
diσi,
where
d1 = −2t[cosφ+cos(kx+ky−φ)+cos(kx+φ)+cos(ky+φ)],
d2 = −2t[− sinφ+sin(kx+ky−φ)+sin(kx+φ)+sin(ky+φ)],
d3 = −2t′(cos kx − cos ky).
The explicit expression for d0 is omitted because it is not
needed for the computation of the coherent state basis.
We set the parameters to be t = 1, t′ = 1/(2 +
√
2)
and φ = pi/4 as in Ref. 6 to maximize the flatness of the
occupied band. The dominant terms of U1 are given by
 
 
 
 
 
 
 
 
FIG. 2. (Color online) The truncated U1 PP consists of two
density-density interaction terms (pink and bright green of
relative strengths 1 and 0.93) and two pair hopping terms
(black and purple of strengths 0.93 and 0.65), as indicated
in Eq. 33. Density-density terms are represented by double-
headed arrows. The black interaction involves two hoppings
around a square plaquette. The purple interaction involves
one self-hopping (i.e. density term) and one hopping among
sites arranged in a triangle as shown. The red and blue sites
sit on different sublattices. The thin arrows indicate the sign
of the phase φ for the NN hoppings while the solid(dashed)
diagonal lines indicate the sign of the NNN hoppings.
H =
∑
<ij>
ρiρj + 0.93
∑
<<ij>>
ρiρj + 0.93
∑
ijkl∈
c†i c
†
kcjcl
+0.65
∑
ijk∈∆
ρic
†
jck (33)
9which consists of two density-density interaction (ρiρj)
terms and two pair hopping terms (c†i c
†
kcjcl and ρic
†
jck =
c†i cic
†
jck), as is illustrated in Fig. 2.
B. Dirac model
The lattice Dirac model54 provides one of the simplest
realizations of a C1 = 1 system on a lattice. Each site
admits a spin-1/2 degree of freedom, and is connected
to each other only through NN hoppings. In momentum
space, the model is defined as
HDirac(k) = d0I +
∑
i
diσi (34)
with d1 = sin kx − sin ky, d2 = sin kx + sin ky and d3 =
m + cos kx + cos ky. For 0 < ±m < 2, the Dirac cones
at (kx, ky) = (nxpi, nypi), nx, ny ∈ Z lead to a Chern
number of ±1 for the lower band. The band can be made
approximately flat by adjusting d0. It should be noted
that the d-vector here has been chosen slightly differently
from Ref. 54 for later convenience, but the two choices
are equivalent by a simple basis rotation. The leading
contributions of U1 are given by
H =
∑
<ij>
ρi2ρj2 + 0.4
∑
<<ij>>
ρi2ρj2
+0.32
∑
i
ρi1ρi2 − 0.27
∑
<<<<ij>>>>
ρi2ρj2 (35)
(36)
From this equation we can see that the U1 PP is domi-
nated by the first term (see Fig. 3 (a)) which is a nearest
neighbor density-density interaction between electrons
with down spin or pseudospin. Although in Eq. (36)
we have also kept other subleading terms, it is reason-
able to conjecture that only the nearest neighbor term
is already a good approximation to the PP Hamiltonian,
which admits a Laughlin ground state at 1/3 filling.
C. The Chern number 2 D-wave model and its
interpolation to two decoupled Dirac models
Here we proceed to models with Chern number 2,
where the FCI system is mapped onto a bilayer QH sys-
tem with decoupled layers. We consider a natural gener-
alization of the Dirac model:
Hd(k) = σx (cos kx − cos ky) + σz [cos(kx − ky)
− cos(kx + ky)] + σy (cos kx + cos ky) (37)
This model can be viewed as a d-wave version of the lat-
tice Dirac model, which is obtained by replacing the spin-
dependent hopping terms sin kx, sin ky in the Dirac model
by the terms cos kx−cos ky and cos(kx−ky)−cos(kx+ky)
with d-wave symmetry. The d-wave symmetry can be
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FIG. 3. (Color online) A Log plot of the relative strengths of
the larger contributions to U1 as a function of the diameter of
the interaction contribution, i.e. spatial distance between the
furthest pair in c†i c
†
jckcl. The dominant term, which is nor-
malized to have unit magnitude, is the NN density-density
term with a diameter of 1, while the term with smallest di-
ameter is that of the same-site unequal spin density-density
interaction. More than one type of interaction may have the
same diameter, i.e. at diameter
√
5 ≈ 2.23. We observe an
approximate spatial exponential decay of the interactions be-
yond the first few terms. The decay rate of ≈ 0.4 depends on
the model being studied.
 
 
 
 
 
 
 
 
FIG. 4. (Color online) The truncated U1 PP of the Dirac
Model consists of four density-density interaction terms (blue,
bright green,red and grey corresponding to relative strengths
of 1,0.4,0.32 and 0.27), as indicated in Eq. 36. The red arrow
represents a density-density interaction between the up and
down spins on the same site, while the other arrows all involve
the down spins only.
seen clearly by expanding this model near (kx, ky) =
(0, 0), which leads to
Hd(k) ' −1
2
(
k2x − k2y
)
σx + 2kxkyσz + 2σy (38)
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The model has a Chern number 2 for its lower band,
which can be understood as coming from two quadratic
touching points at (0, 0) and (pi, pi) with the degeneracy
lifted by the σy term
55,56.
As is discussed in Sec. II, the Chern number 2 model
(on an even-by-even sized lattice) is mapped to two de-
coupled “layers” of Landau levels. Two sets of coher-
ent states can be constructed for these two layers, and
pseudopotential Hamiltonians can be defined for layer-
decoupled FCI states, i.e., direct product of Laughlin
states in each layer. For more generic states such as
the Halperin (mnl) states57 with interlayer coupling, the
pseudopotential Hamiltonian is not known, except the
special case of n = m, l = n − 1 which is a singlet
state57. Here we will focus on the first PP Hamiltonian
for each layer, which has (330) state as its ground state.
This state is of particular interest since it is a topological
nematic state33 in which lattice dislocations become non-
Abelian defects, and has not been realized in any existing
FCI models.
Before computing the pseudopotential Hamiltonian for
this model, it is interesting to note a relation of this
model to the Dirac model discussed in the last subsection.
Since Chern number is the only topological invariant for a
2D energy band, a model with a C1 = 2 band can always
be adiabatically deformed into one with two decoupled
C1 = 1 bands, as is demonstrated by the Wannier state
mapping. For the model in Eq.(37), this equivalence can
also be shown explicitly by an adiabatic deformation of
the Hamiltonian to that of two decoupled copies of Dirac
model in Eq.(4). For this purpose, consider the following
parameterized Hamiltonian
FIG. 5. Left to Right) The bandstructures of H(0), H(0.5)
and H(1) as a function of ky. The edge states remains quali-
tatively the same during the entire interpolation, with no gap
closure.
Hλ(k) = σx [(1− λ)[sin(kx + ky)− sin(kx − ky)]
+λ(sin kx − sin ky)]
+σy [(1− λ)[sin(kx + ky) + sin(kx − ky)]
+λ(sin kx + sin ky)]
+σz[(1− λ) + cos(kx + ky) + cos(kx − ky)]
(39)
H1(k) is equivalent to H
d in Eq. (37) by a translation
(kx, ky)→
(
kx +
pi
2 , ky +
pi
2
)
. H0(k) only contains second
neighbor couplings, so that the two sublattices are decou-
pled, as is illustrated in Fig. 39 (Left panel). Restricted
to each sublattice, this model is actually the Dirac model
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FIG. 6. (Color online) a) The truncated U1 PP for the decou-
pled Dirac limit H ′λ=0. It has the same interactions as that of
the original Dirac model (Fig. 4), but is rescaled by a factor
of
√
2 and rotated by pi/4. For instance, the NN interaction in
the original Dirac model becomes the NNN interaction. Note
that all interactions connect only sites in the same sublattice,
as indicated by the diagonal bonds illustrated above. b) The
truncated U1 PP for the d-wave limit H ′λ=1. It consists of four
density-density interaction terms (blue, yellow light green and
grey of relative strengths 1, 0.76, 0.44 and 0.26) and a pair
hopping term (red of relative strength 0.57), as indicated in
Eq. 42. The red interaction involves one self-hopping (i.e.
density term) and one hopping among sites arranged in a
triangle as shown. There is no decoupling between the sub-
lattices in this case. All interactions are labeled by letters
which will appear again in Fig. 7.
Eq. (34) with m = 1. For all λ ∈ [0, 1], the model is
gapped with C1 = 2 in the occupied band, as is shown in
Fig. 5 by the energy spectrum on a cylindrical geometry.
If we construct the Wannier states of this model in the
ordinary way by Fourier transforming the Bloch state
along kx direction with fixed ky at λ = 0, the Wannier
states and their correspondingly coherent states do not
have a direct relation with those of the Dirac model since
the translation along x direction exchanges the two sub-
lattices. From the last subsection, we have observed that
the PP Hamiltonian of the lattice Dirac model has a nice
short-ranged form. We will thus like to define an alterna-
tive Wannier basis for the C = 2 model which is localized
along the diagonal (1, 1) direction.
The diagonally directed Wannier states and coherent
states can be constructed through a redefinition of the
unit cell x′ = x − y, y′ = y or k′x = kx, k′y = kx + ky.
The Wannier states defined after the unit cell redefini-
tion are k′y eigenstates. A flux that couples to k
′
y will
now cause a spectral flow of the WFs in the x′ direction
which thus stays in the same sublattice. In this defini-
tion, the decomposition of the C1 = 2 band into two
layers automatically reduce to the decomposition to the
Dirac model on the two sublattices in the λ = 0 limit. In
this new coordinates, the hamiltonian reads
H ′λ(k
′) = σx
[
(1− λ)[sin k′y − sin(2k′x − k′y)]
+λ(sin k′x − sin(k′y − k′x))
]
+σy
[
(1− λ)[sin k′y + sin(2k′x − k′y)]
+λ(sin k′x + sin(k
′
y − k′x))
]
+σz
[
(1− λ) + cos k′y + cos(2k′x − k′y)
]
(40)
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This is the expression of the hamiltonian which we will
use for calculating U1. For λ = 0 the Hamiltonian re-
duces to that of the C1 = 1 Dirac hamiltonian Eq. 34
if we transform its coordinates to r′′ = (x′′, y′′) on each
sublattice:
x′′ =
1
2
x′ =
x− y
2
, y′′ =
1
2
x′ + y′ =
x+ y
2
k′′x = 2k
′
x − k′y, k′′y = k′y (41)
This unit cell redefinition belongs to the type described
in Eqs. 13 and 14 with α = 12 and β = − 12 . As elucidated
in the sentences preceding them, the coherent states in
the new coordinates will be identical to those from the
old ones as long as the periodic part of the Bloch state
φ(k′) remain invariant under such a transformation. In-
deed, we mathematically see why the PP of the decoupled
Dirac model (λ = 0) is identical to that of the C1 = 1
Dirac model up to rescaling and rotation.
The numerical results of the truncated PP Hamiltonian
is shown in Fig. 6 and 7. For λ = 0, the dominant terms
of U1 is identical to that in Eq. 36 after rescaling and
pi
4 rotation. For the d-wave model at λ = 1, the PP
Hamiltonian is given by
H =
∑
<<ij>>
ρi1ρj2 + 0.76
∑
<ij>
ρi1ρj2
+[0.57e2.5i
∑
ijk∈∆
ρi2c
†
j1ck2 + h.c.]
+0.44
∑
<<<ij>>>
ρi2ρj2 − 0.26
∑
[ij]
ρi2ρj2 (42)
As shown in Fig. 7, the leading term remains the same as
λ = 0, while the relative magnitudes of NNN, NNNN and
NNNNNNNN (eighth-nearest neighbor) density-density
interaction terms of U1 remain stable across the interpo-
lation. This attests to the robustness of our PP construc-
tion w.r.t. deformations that do not change the topology
of the model. The other three terms vary significantly
because they exist only in λ 6= 0 models. For instance,
the NN density-density and NN-NNN hopping terms do
not exist in the decoupled Dirac limit because the NN
site does not belong to the same sublattice.
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FIG. 7. The relative magnitudes of the various interaction
terms in U1 of H ′λ. The amplitude of the leading term has
been normalized to 1. Terms which are present in both mod-
els remain stable throughout the interpolation. Their exact
definitions can be found in Fig. 6, where they are labelled
graphically from a) to f).
D. Triangular lattice model
As a last example, we consider another C1 = 2 model,
the 3-band triangular lattice flatband model introduced
in Ref. 11. Its lowest (occupied) topological flat band
carries a Chern number of 2, as evidenced in the presence
of its two edge states on Fig. 8. Each unit cell contains
three inequivalent spinless sites, leading to three bands
with asymmetrical dispersions. From its real-space de-
scription detailed in Ref. 11, we obtain its momentum-
space hamiltonian hTriij (k) with
h11 = t
′(cos(ky + φ) + cos(kx − φ) + cos(ky − kx − φ))
h12 = t(1 + e
i(kx−ky) + e−iky )
h13 = t(e
i(kx−2ky) + ei(kx−ky+2φ) + e−i(ky+2φ))
h22 = t
′(cos(ky − φ) + cos(kx + φ) + cos(ky − kx + φ))
h23 = −t(1 + ei(kx−ky−2φ) + ei(2φ−ky))
h33 = −t′(cos ky + cos kx + cos(ky − kx)) (43)
with hij = h
∗
ji. t and t
′ parameterizes the magnitudes of
the NN and NNN hoppings respectively, and φ provides
the necessary time-reversal symmetry breaking. These
parameters are chosen to take values of t = t′ = 1/4 and
φ = pi/3 for maximum flatness of the occupied band.
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FIG. 9. (Color online) The truncated U1 PP of the trian-
gular model consists of a leading density-density interaction
term (pink) followed by a pair hopping term (black of rela-
tive strength 0.8), as indicated in Eq. 44. As in previous
figures, the density-density term is represented by a double-
headed arrow. The black hoppings involve one self-hopping
(density interaction) and a rather far jump. Note that the
pink interaction between sites of type A,B is not equivalent
to a similar-looking one between NNN A,C and B,C pairs.
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FIG. 8. Left) Band structure of the triangle lattice model,
which is the same as in Ref. 11. We can see the flatness of
the lowest occupied band. Right) The Wannier polarization
evolves by two sites as the flux ky → ky +Ay cycles over 2pi.
For this model, the dominant terms in U1 are given by
H =
∑
<<AB>>
ρAρB + 0.8
∑
ABC∈Γ
ρCc
†
AcB (44)
where A,B and C refers to the inequivalent sites in the
unit cell shown in Fig. 9. The notation << AB >>, for
instance, refers to the NNN A and B pairs, and not the
NNN pairs among all three types.
In this model, the subleading interaction (of magni-
tude 0.8) is still almost as large as the leading one. This
is because the coherent states in this model are less local-
ized than other models we studied. As captured in Eq.
32, the spread of the coherent states increases with the
quantity J which is a measure of the total complexity
of the Bloch states. This complexity increases with the
number of bands N . In addition, it is difficult to find a
distinctive dominant term when N is large because the
number of possible interaction terms scales like N4.
V. CONCLUSION
In this work, we have seen how the Wannier state
representation can be used to ”reverse engineer” a PP
Hamiltonian in generic FCI systems. This enables us to
once and for all write down the exact interaction Hamilto-
nian that admits certain desired groundstates. However,
there is an inevitable proliferation of terms and some
truncation in the range of interaction will be necessary
in any practical calculation. The truncation error will
be minimized if we use the Coulomb Gauge and choose
an FQH basis corresponding to a special coherent state
aspect ratio Aopt = J/pi+ pi/3, where J depends only on
the geometric properties of the FCI system, namely its
Berry curvature and Fubini-Study metric. To illustrate
the robustness of our approach, we numerically obtained
the first PP in various models with Chern number 1 and
2, including the CB model, Dirac model, d-wave model
and triangular lattice model. The PPs are found to be
reasonably well-approximated by a few dominating terms
shown in Table I, especially for that of the flattened Dirac
model where only one term dominates. Hence the central
prediction of our work is that topological nematic states
are likely to be realized with the interaction Hamiltoni-
ans shown in Table I (or perhaps even further truncated
versions thereof).
As such, a natural follow-up to this work will be the
numerical verification of topological nematic states in the
C = 2 models. If realized, this state will have non-abelian
lattice dislocations with quantum dimension
√
3. Al-
though we have not performed explicit calculations with
Chern numbers higher than 2 (which are mapped to FQH
multilayers) and/or higher PPs, such extensions can be
achieved in a completely analogous way to what we have
done. The challenge will be to find FCI systems where
the proliferation of terms is sufficiently benign for a sensi-
ble truncation to still support their coveted exotic states.
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Appendix A: Pseudopotentials in terms of coherent
states
In this appendix, we shall show how Eq. 7, where
the PP Um is expressed in terms of the coherent state
operators, simplifies to its usual definition in Eq. 3. To
start, it is first helpful to replace the gradient operators
∇rz by their conjugate variables q:
13
Um ∝
∫
dz1dz2
∑
r
vmr l
2r
B ∇rz(c†zcz)∇rz(c†zcz)
∝
∑
r
∫
d2qvmr q
2rρ(−q)ρ(q)
=
∑
r
vmr
∫
d2ql2rB q
2r
∫
d2zeiq·zc†zcz
∫
d2z′e−iq·z
′
c†z′cz′
∝
∑
r
vmr
∫
d2ql2rB q
2r
∫
d2z
∫
d2z′eiq·(z−z
′)c†zc
†
z′cz′cz + quadratic (A1)
where vmr are the coefficients of the m
th Laguerre poly-
nomial. Now we substitute the explicit expression of the
coherent state operators from Eq. 8: c
†
z =
∑
K
eiz2Ke−piA(z1/C1−K/(2pi))
2
a†K (A2)
where a†K creates the LLL Landau gauge wavefunction|ψK〉 given by Eq. 5. With a slight abuse of notation of
z as being both a vector and complex number,
Um (A3)
∝
∑
r
∑
K1...K4
vmr
∫
d2ql2rB q
2r
∫
d2z
∫
d2z′eiq·(z−z
′)eiz2K1e−piA(z1/C1−K1/(2pi))
2
eiz
′
2K2e−piA(z
′
1/C1−K2/(2pi))2e−iz
′
2K3e−piA(z
′
1/C1−K3/(2pi))2e−iz2K4e−piA(z1/C1−K4/(2pi))
2
a†K1a
†
K2
aK3aK4
∝
∑
r
∑
K1...K4
vmr
∫
d2ql2rB q
2r
∫
d2z
∫
d2z′ei(K1−K4)z2ei(K2−K3)z
′
2eiq·(z−z
′)e
A
C1
(z1(K1+K4)+z
′
1(K2+K3))
e−A(x
2+x′2)/(C21 l
2
B)e−
A
4pi
∑
iK
2
i a†K1a
†
K2
aK3aK4
∝
∑
r
∑
K1...K4
vmr
∫
d2ql2rB q
2r
∫
d2z
∫
d2z′eiq·(z−z
′)eiK1z2−
A
2C1
(z1/lB−lBK1)2eiK2z
′
2− A2C1 (z
′
1/lB−lBK2)2
e−iK3z
′
2− A2C1 (z
′
1/lB−lBK3)2e−iK4z2−
A
2C1
(z1/lB−lBK4)2a†K1a
†
K2
aK3aK4
∝ V0
4
∑
K1...K4
∫
d2q
(2pi)2
∫
d2zd2z′Lm(q2l2B)e
iq·(z−z′)ψ∗K1(z)ψ
∗
K2(z
′)ψK3(z
′)ψK4(z)a
†
K1
a†K2aK3aK4
=
V0
4
√
2pil2B
∫
d2rd2r′ψ†(r)ψ†(r′)Lm(l2B∇2)(δ(r − r′))ψ(r′)ψ(r) (A4)
where
ψK= 2pinL (r) =
1√√
piLlB
e−iKye−
A
2C1
( xlB
−lBK)2
is the LLL Landau gauge wavefunction.
For m = 1, the r = 0 term vanishes due to
fermionic antisymmetry. The (∇zc†z · ∇zc†z)czcz and
(∇zcz · ∇zcz)c†zc†z parts of the r = 1 term also vanishes
due to the same reason. Hence we are left with
V 1 ∝
∫
dz1dz2cz(∇zc†z·∇zcz)c†z ∝
∫
dz1dz2c
†
z∇zc†zcz∇zcz
which is the same manifestly local expression in32. The
unimportant proportionality constant has the same units
for all m, and can be deduced from dimensional analysis
and normalization.
Appendix B: Derivation of the Coulomb Gauge
condition
We perform the Euler-Lagrange minimization δIδθ = 0
on I[θ] given by Eq. 15. First, note that I only de-
pends explicitly on ∇kθ, not θ, because |∇k(eiθf)|2 =
|if∇kθ +∇f |2 where f represents the remaining part of
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the integrand in I[θ] not containing θ. Hence
0 =
δI
δθ
= ∇k · ∂I
∂(∇kθ)
=
∑
m
∫
[−1/2,1/2]2
d2z∇k · (−i(e−Em+ikyz2φ)†∇k(e−Em+ikyz2φ) + e−2Em∇kθ)
=
∑
m
∫ 1/2
−1/2
dz1
∫ 1/2
−1/2
dz2e
−2Em
(
−2∂yEm(z2 + i∂yEm + ∂yθ) +∇k · ~a+ ay(iz2 − ∂yEm) + iA
2pi
+∇2kθ
)
=
∫ 1/2
−1/2
dz2
∫ ∞
−∞
dηe−2piAη
2
(
−2Aη(z2 + iAη + ∂yθ) +∇k · ~a+ ay(iz2 − ηA) + iA
2pi
+∇2kθ
)
=
∫ 1/2
−1/2
dz2
∫ ∞
−∞
dηe−2piAη
2
(
−2iA2η2 +∇k · ~a+ iA
2pi
+∇2kθ
)
=
∫ 1/2
−1/2
dz2
1√
2
(∇k · ~a+∇2kθ + 0)
∝ ∇k · ~a+∇2kθ
= ∇k · (~a+∇kθ) (B1)
Some steps deserve explanation. I have defined Em =
−piA
(
ky
2pi − z1C1 +m
)2
= −piAη2 in line 3, so that
∂yEm = Aη. This combines z1 and m into one con-
tinuous variable η, thereby reducing the infinite sum into
one simple gaussian integral. We also note that the fac-
tor multiplying ay in the third line disappears because it
is linear in η and z2. This allows the final expression to
be symmetric in ax and ay.
The terms involving A cancels nicely, implying that
the optimal phase is independent of the aspect ratio A
used for the gaussian envelope. However there still exists
a certain A that will gives the minimal spread in the
coherent state, and that will be derived in the subsection
after the next.
Actually, the MLWF phase θW can also be derived via
a conceptually identical E-L minimization approach58. If
we do not integrate over ky or sum over m, do not involve
z (i.e. just let A = 0) and treat ky as a parameter, the
minimal 〈r2〉 will still be given by
∇k · (~a+∇kθ)
This is obvious from the derivation of Eq. B1. WLOG,
let us choose to work in gauges where ay = 0. Noting that
∇k = ∂kx when ky is a parameter,
∇2kθ = ∂2kxθ = −∂kxax (B2)
The first term of θW (shown in Eq. 20) solves this
equation up to a term linear in kx. The latter enforces
the periodicity of 2pi in kx, and can thus be uniquely
determined up to an irrelevant overall phase.
Appendix C: The spread of the coherent state
Here is how the average spread of the coherent state
can be computed:
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I[A] =
∫
[−1/2,1/2]2
d2z〈r2〉ψz
=
∫
[−1/2,1/2]2
d2z
∑
m
∫
d2k
∣∣∣∇k (e−Em−ikyz2eiθ(kx,ky)φ(kx, ky))∣∣∣2
=
∫
[−1/2,1/2]
dz2
∫
d2k
∫ ∞
−∞
dη
∣∣∣∇k (e−Em−ikyz2eiθ(kx,ky)φ(kx, ky))∣∣∣2
=
∫ 1
2
− 12
dz2
∫
d2k
∫ ∞
−∞
dηe−2piAη
2 (|∇kφ|2 + (Aη)2 + z22 + |∇kθ|2 + 2z2∂yθ + [−i~a · ((−Aη + iz2)yˆ + i∇kθ) + c.c.])
=
∫ 1
2
− 12
dz2
∫
d2k
∫ ∞
−∞
dηe−2piAη
2 (|∇kφ|2 + (Aη)2 + z22 + |∇kθ|2 + 2~a · ∇kθ)
=
∫ 1
2
− 12
dz2
∫
d2k
∫ ∞
−∞
dηe−2piAη
2 (|∇kφ|2 + (Aη)2 + z22 +∇kθ · (∇kθ + 2~a))
=
∫ 1
2
− 12
dz2
∫
d2k
∫ ∞
−∞
dηe−2piAη
2 (|∇kφ|2 + (Aη)2 + z22 + |~anew|2 − |~a|2)
=
∫ 1
2
− 12
dz2
∫
d2k
1√
2A
(
|∇kφ|2 + z22 + |~anew|2 − |~a|2 +
A
4pi
)
=
1√
2A
∫
d2k
([|∇kφ|2 − |~a|2]+ |~anew|2 + 1
12
+
A
4pi
)
(C1)
where, as before, Em = −piA
(
ky
2pi − z1C1 +m
)2
= −piAη2.
Appendix D: Ω1 in terms of projected position
operators
Following Ref. 52, we can also express Ω1 as
Ω1 =
∫
d2k
(|∇kφ|2 − |~a|2)
=
∫
d2k (〈∇kφ|∇kφ〉 − 〈φ|∇kφ〉〈∇kφ|φ〉)
=
∫
d2k〈∇kφ|Q|∇kφ〉
= Tr(PxQx) + Tr(PyQy)
= Tr(PxQ2xP ) + Tr(PyQ2yP )
= Tr[(PxQ)2 + (PyQ)2] (D1)
where P = |φ〉〈φ| and Q = I − P . The sum of occu-
pied bands is implied. The final expression is obviously
a gauge-invariant quantity. The physical interpretation
of Ω1 becomes clearer if we write
Ω1 = Tr(PxQx) + Tr(PyQy)
= Tr(Px2)− Tr(PxPx) + (x↔ y)
= Tr(P 2x2)− Tr(P 2xP 2x) + (x↔ y)
= Tr(Px2P )− Tr[(PxP )2] + (x↔ y)
= Tr(Pr2P )− Tr[r˜2] (D2)
where x˜ = PxP is the operator whose eigenvectors
are the MLWFs, and r˜2 = x˜2 + y˜2. Hence Ω1 pro-
vides a certain measure of the spread of the state that
exists within the subspace of occupied bands. This
can be seen more clearly in the Wannier basis |~Rm〉 =
1
4pi2
∫
d2ke−i~k·~R|φm(~k)〉, where52
Ω1 =
∑
n
〈~0n|r2|~0n〉 −∑
~Rm
|〈~Rm|~r|~0n〉|2
 (D3)
We see that Ω1 is the mean-square spread of the WF
(not necessarily maximally localized or even localized)
minus a certain positive-definite quantity.
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